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1. Introduction 

Extensive investigations of Lie algebras theory have lead to appearance of more 
general algebraic objects, such as Mal'cev algebras, Lie superalgebras, Leibniz al- 
gebras, and others. 

The well-known Lie superalgebras are generalizations of Lie algebras and for 
many years they attract the attention of both the mathematicians and physicists. 
The systematical exposition of basic Lie superalgebras theory can be found in the 
monograph [12] and the papers related with the nilpotent Lie superalgebras are [5] , 
[5], [TO], and [U. 

Leibniz superalgebras are the generalization of Leibniz algebras and, on the other 
hand, they naturally generalize Lie superalgebras. 

Recall that Leibniz algebras are a "non antisymmetric" generalization of Lie 
algebras [13]. The study of nilpotent Leibniz algebras [l]-[3] shows that many 
nilpotent properties of Lie algebras can be extended for nilpotent Leibniz algebras. 
The results of the nilpotent Leibniz algebras may help us to investigate the nilpotent 
Leibniz superalgebras. 

In the description of Leibniz superalgebras structure the crucial task is to prove 
the existence of a suitable basis (so-called the adapted basis) in which the multi- 
plication of the superalgebra has the most convenient form. 

In contrast to Lie superalgebras for which problem of the description of super- 
algebras with the maximal nilindex is difficult [lOj . for nilpotent Leibniz superal- 
gebras it turns out to be comparatively easy and was solved in [1] . The distinctive 
property of such Leibniz superalgebras is that they are single-generated. The next 
step - the description of Leibniz superalgebras with the dimensions of even and 
odd parts, respectively equal to n and m, and with nilindex n + m &t this moment 
seems to be very complicated. Therefore, such Leibniz superalgebras can be stud- 
ied by applying restrictions on their characteristic sequences (l]-[9]. Following this 
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approach we investigate such Leibniz superalgebras with characteristic sequence 
C{L) = {n I mi, . . . , TOfc), where mi + • • • + mk ~ m. 

Taking into account the results of the papers and [51, where some cases of 
nilpotent Leibniz superalgebras were described, in this work we investigate the rest 
cases. Thus, we complete the description of Leibniz superalgebras with character- 
istic sequence C(L) = (n \ mi, . . . , m^) and nilindex n + m. 

All over the work we consider spaces and algebras over the field of complex num- 
bers. By asterisks (*) we denote the appropriate coefficients at the basic elements 
of superalgebra. 

2. Preliminaries 

A Z2-graded vector space G — Go®Gi is called a Lie superalgebra if it is equipped 
with a product [— , — ] which satisfies the following conditions: 

a-{'p{7nod 2) i 

3. {-l)"''[x, [y,z]] + {-l)°''^[y, [z,x]] + {-l f^[z, [x,y]] = - Jacobi supendentity 
for any x G Ga, y G Gp, z € G^y and a, /?, 7 G Z2. 

A Z2-graded vector space C = Cq (B Ci is called a Leibniz superalgebra if it is 
equipped with a product [— , — ] which satisfies the following conditions: 

1. [Laj^p] Q ^a+f3(mod 2); 

2. [x, [y, z]] = [[x, y], z] — (— l)"''[[a;, z], y]— Leibniz superidentity, 
for any x € L, y G La, z G Cp and a, /? G Z2. 

The vector spaces £0 and Ci are said to be even and odd parts of the superalgebra 
£, respectively. 

Note that if in C the graded identity [x, y] = —{—l)"'^[y, x] holds, then the Leib- 
niz superidentity and Jacobi superidentity coincide. Thus, Leibniz superalgebras 
are a generalization of Lie superalgebras. 

For examples of Leibniz superalgebras we refer to [1] . 

Denote by Leib" "^ the set of Leibniz superalgebras with dimensions of the even 
part and the odd part equal to n and m, respectively. 

Let V = Vq ® Vi, W = Wo ® Wi he two Z2-graded spaces. A linear map 
f : V ^ W is called of degree a (denoted as deg{f ) = a), if /(Vg) C Wa+p for all 
/3€Z2. 

Let C and C be Leibniz superalgebras. A linear map /:£—>£' is called a 
homomorphism of Leibniz superalgebras if 

L /(£o) C £[, and f{Ci) C i.e. deg{f) = 0; 

2. f{[x,y]) = [f{x),f (y)] for Jill x,yeC. 
Moreover, if / is bijection then it is called an isomorphism of Leibniz superalgebras 
C and £'. 

For a given Leibniz superalgebra C we define a descending central sequence in 
the following way: 

Definition 2.1. A Leibniz superalgebra C is called nilpotent, if there exists s G N 
such that = 0. The minimal number s with this property is called nilindex of the 
superalgebra C 

The sets 



n{C) ^{ze£\[C,z]= 0} and Z{£) ^{zeC\[£,z] = [z, C] = 0} 
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are called the right annihilator and the center of a superalgebra £, respectively. 

Using the Leibniz superidentity it is not difficult to see that 'R-{C) is an ideal 
of the superalgebra C. Moreover, the elements of the form [a, 6] + (— a], 
(a G £q, b ^ Cjs) belong to TZ{£). 

The following theorem describes the nilpotent Leibniz superalgebras with maxi- 
mal nilindex. 

Theorem 2.2. 1 Let C be a Leibniz superalgebra of the variety Lei¥^'"^ with 
nilindex equal to n + m + 1. Then C is isomorphic to one of the following non- 
isomorphic superalgebras: 



(omitted products are equal to zero). 

It should be noted that for the second superalgebra we have m — n when n + m 
is even and m = n + 1 if n + m is odd. Moreover, it is clear that the Leibniz 
superalgebra has the maximal nilindex if and only if it is single-generated. 

Let C — Cq (B Ci be a nilpotent Leibniz superalgebra. For an arbitrary element 
X €z Lq, the operator of right multiplication is a nilpotent endomorphism of the 
space Ci, where i e {0, 1}. Denote by Ci{x) {i G {0, 1}) the descending sequence of 
the dimensions of Jordan blocks of the operator R^- Consider the lexicographical 
order on the set Ci{Co). 

Definition 2.3. A sequence 



is said to be the characteristic sequence of the Leibniz superalgebra C. 

Similar as in case of Lie superalgebras (Corollary 3.0.1) it can be proved that 
the characteristic sequence is an invariant under isomorphisms. 

For Leibniz superalgebras we introduce the analogue of the zero-filiform Leibniz 
algebras. 

Definition 2.4. A Leibniz superalgebra C G Leib"'™ is called zero-filiform if C{C) — 
(n|m) 

Denote by ZT^'"^ the set of all zero- filiform Leibniz superalgebras from Leib"''^. 

From [2] it can be concluded that the even part of a zero-filiform Leibniz super- 
algebra is a zero-filiform Leibniz algebra, therefore a zero-filiform superalgebra is 
not a Lie superalgebra. 

Further, we need the result on existence of an adapted basis for zero-filiform 
Leibniz superalgebras. 

Tiieorem 2.5. [9J In an arbitrary superalgebra from ZT^'™ there exists a basis 
{xi, X2, ■ ■ ■ , Xmyi,y2, ■ ■ ■ , Urn} which Satisfies the following conditions: 



] = ej+i, 1 < i < n - 1; 



[ci, ei] = ei+i, 1 < i < n + m - 1, 
[ci, 62] = 2ei+2, 1 < i < n + m - 2, 




1 < i < n - 1, 



< 



[Xn.Xi] = 0, 
[Xi,Xk\ = 0, 



1 < z < 71, 2 < fc < n, 

1 < J < TO — 1, 



[VjiXi] = yj+i, 



[yni,xi] = 0, 



1 < j < m, 2 < k < n. 



4 L.M. CAMACHO, J. R. GOMEZ, B.A. OMIROV AND A.KH. KHUDOYBERDIYEV 



3. Zero-filiform Leibniz superalgebra with nilindex equal to n+m 

This section is devoted to the description of zero-fihform Leibniz superalgebras 
with nihndex equal to n + m. 

Let L S ZT^'"^ with nilindex equal to n + m. Evidently, L has two generators. 
Moreover, from Theorem 12. 51 it follows that one generator lies in Lq and the second 
generator lies in L\ . Without loss of generality it can be assumed that in an adapted 
basis the generators are xi and yi. 

In the adapted basis of C we introduce the notations. 

ni n 

[xi,yi] ^^a^jyj, l<i <n, [yt,yi] = ^Pi^Xj, 1 <i <m. 

j=2 3=2 

In the above notation the following lemma holds. 
Lemma 3.1. 

min{i+j — l,m} — i n— j+s+1 

s=0 t=2 

where 1 < i, j < m. 

Proof. The proof is deduced by induction on j at any value of i. □ 

Since in the work '9\ the set ZT^'^ was already described, we consider the set 
ZJ^''"\m > 3). 

Case ZJ^^'™ (to > 3). 

Theorem 3.2. Let L he a Leibniz superalgebra with the nilindex m + 2 from 
2^j:2,m > Then m is odd and C is isomorphic to the following superalgebra: 

[xi,Xi] = X2, 

[yi,xi] = 1 < i < m - 1, 

[xi,yi] = -yi+i, l<i<TO-l, 

[yi,yrn+l-i\ = i-iy^^X2, 1 < i < TO - 1. 

Proof. From (1) we easily obtain 

[yiiVj] = {-^y^^l3i+j-i,2X2, 2<i+j<m + l, 

[yi,yj]=0, m + 2<i+j<2m. ^ > 

It should be noted that /9m, 2 7^ 0. Indeed, if /3m. 2 = 0, then — {2:2, ym-i,ym}, 

= {x2,y,n} and £"+1 {ym} which imply that [ym-i,yi] = ax2 and [x2,yi] = 
bym, where ab ^ 0. 

The chain of the equalities 

abym = [ax2,yi] = [[2/m-i, yi], = ^bm-i, [yi,yi]] = 

implies a contradiction to the property ab ^ 0. Therefore, /3m, 2 7^ 0. 

The simple analysis of the products leads to X2 G (since X2 G C 

Using the Leibniz superidcntity we have 



[xi,yi] = ai,22/i+i H h ai^,n-i+iym, 1 < i < m - 1. 
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The expression [2/1,2:1] + [xi,yi] lies in TZ{C). Hence 

(1 + ai,2)y2 + ai,3y3 H l-ai,m2/m (3) 

belongs to TZ{C), as well. 

If cither q;i.2 ^ — 1 or there exists i (3 < i < m) such that ^ 7^ 0, then 
multiplying the linear combination (3) from the right side required times to xi 
we deduce ym € TZ{C). However, by (2) we have [yi,ym] = {—^)"^~^ Pm,2X2 which 
implies that /3m, 2 = and we get a contradiction with condition (3m.2 7^ 0. 

If ai,2 = — 1 and ai^i = (3 < i < m), then by applying the Leibniz superidentity 
for the basic elements {xi,yi, yi} we obtain ^2i,2 = for 1 < i < [^]. 

Note that in case m is even we obtain pm,2 = which is a contradiction. There- 
fore, m is odd. 

Let us introduce new notations 

TTl ~\~ 1 

7s = /32s-l,2, 1 < S < ^ • 

Then we obtain the family L (71, 72, ... , Jm+l) '■ 
[a;i,a:i] = X2, 

[yt,xi] = yi+i, l<i<m-l, 
[xi,yi] = -Vt+i, 1 < i < m - 1, 

[yi,yj] = (— l)-'^"'^7i+3 2^2, i + j is even, 2<i+j<m + l, m is odd. 
Make the following general transformation of the generator basic elements: 

m + l 
2 

x[ = hxi, y[=^ a2s-iy2s-i- 

s=l 

Then x'2 = h\x2 and 

Tn-2(i-l) + l 

/ L2(i-1) 1 ^ • ^ 1 
2/2i-l = Oi' ' 2^ a2s-lJ/2s+2i-3, 1 < « < ^ , 

s=l 

„_2(.-l)-l 



, 2i-l m — 1 
2/2i = Ol 2^ a2s-iy2s+2j-2, 1 < « < -Z • 

Choosing the parameters as follows 



1 ai7i 



fo^" 7^ 27, 
al'y m-i+2 + 2aia37 m-i+4 + • • • + (2aiai_2 + h 2ai-3ai+i )jr 



a,: 



2ai7r 



^+1 



(2a3ai_2 + • • • + 2ai-3ai±5 + Oi+i )7ii+i • , 1 

2 —, for —— odd. 

2ai7™+i 2 
2 

a?7 m-i+2 + 2aia37™-i+4 + • • • + (2aiai_2 + • • • + 2a»-5at+3 + a^_i )^ m-i 



tti = 



2aiT m+i 

2 

(2a3aj_2 H \-2ai^a^±3 )Jn^+l ^j^i 

—, for even. 

2ai7 m+i 2 
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when 4 < z < TO, we obtain y'l] — x'^, [2/^,2/1] — for 1 < i < to — 1. 
Then applying Leibniz superidentity get the rest brackets 

bi,2/j]=0, 1 < j,i < TO, i + m + 1, 

\y[,y'^ = {-\y~^x'^, 1 <i,i<TO, z+j=TO + l. ■ 

Thus, we obtain the superalgebra of the theorem. □ 
Case ZJ^'-™ (n > 3, to > 3). 



Lemma 3.3. Any Leibniz superalgebra from ZJ-""'"'' (ri > 3, to > 3) has nilindex 
less that n + m. 

Proof. Let us assume the contrary, i.e. £ is a Leibniz superalgebra from ZJ^^'™ (n > 
3, TO > 3) and C has the nilindex equal to n + to. Then in the adapted basis we 
have 

C = {xi,X2, ■ ■ ■ ,Xn,yi,y2, ■ ■ ■,yrn}, 
^ {X2, ...,Xn,y2,-- -^ym}, 
D {X3, ...,Xn,y3,-- -^Vni}- 

Let us suppose that C'^ — {x^, . . . ,x„,?/2, • ■ • ,2/m}, i-e. X2 ^ and 2/2 G £'^- 
Then there exits zq (2 < £ n) such that [xi„,yi] — ai„^2y2 + • • • + aig^mym with 
<^io,2 7^ 0. Since Xi € 7^(£) for 2 < i < n and Ti{J~-) is an ideal, then ai„,2y2 + • • • + 

G 7^(£). 

Multiplying the product [xi„ , yi] on the right side consequently to the basic 
element xi (to — 1)— times we easily obtain that 2/2, 2/3, •■■,2/™ G '^(£), that is 
£2 = 7^(£). 

By induction one can prove the following 

, 1 , E aij2yj+i-i, if « + l<TO, 
R,2/i] = S J=2 (4) 
0, if « + 1 > TO. 

Since £'^ = T^i^) then j/2 can appear only in the products [2^^,2/1] for 2 < i < n) 
or for 2 < j < to — 1). However, in the first case from (4) we con- 

clude that y2 does not lie in and in the second case the element y2 can not 
be obtained, i.e. in both cases we have a contradiction with the assumption 

£^ = {X3, ...,Xn,y2,-- • ,2/m}. 

Thus, = {x2,... T Xmys, ■ ■ ■ , 2/m}- Let s be a natural number such that X2 G 

Suppose s <m. Then we have 

£' = {x2, ...,x„,yi,.. . ,2/m}, 2 < i < s, 

£ — {^3, ■ ■ ■ , Xn, ys7 ■ ■ ■ : Vm} 

n 

and in the equality [ys-i,yi] = Ps-ijXj the coefficient Ps-1,2 is not zero. 
From Lemma l3.1l we have 



i=0 t=2 
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in which the coefhcient /3s-i,2 occurs. Taking into account the equaUty [ys,yi] ~ 

n 

^^/3sjXj we conclude that X3 £ lin < [yi,ys],[ys,yi],X4, . . . ,Xn >■ Therefore 

£"+2 =< X3,..., Xn, Vs+i, . . . , >, i.e. ys E \ C^+^ and a2,s ^ 0. 
Consider the equahties 



\Vs-\, [2/1, yi]] = 2[[ys-i, yi], yi] = 2 



^/3s_i,t[xf,yi] 



.t=2 



On the other hand [ys-i, [yi,yi]] = 0, because [yi,yi] £ Ti{C). 

The basic element y^ appears only in the product [a;2,yi]- Hence we have that 
(3s~i,2(^2.sys + X] {*)yi — which implies /3s-i.2Ct2,s — 0. This contradicts to the 

i>s+l 

assumption s < m. 

Let us consider now the case s = m + 1. Then we have 

£ = {xi,X2, ■ ■ ■ ,Xn,yi,y2, ■ ■ • ,ym}, 

C = {X2,X3, . . .,Xn,Vi,yi+l ■ ■ • ,ym}, 2 < i < m, 



C"'+'-^ ={x^,X,+ l...,Xn}, 2<l< 



n. 



Since X2 £ we have [ym,yi] = Pm.iXi with /3™^2 7^ 0. 

1=2 

The sum [yi,a;i] + [a;i,yi] lies in 'R.{C) since [yi,xi] + [xi,yi] = (1 + ai,2)y2 + 

ai.sys H \- ai.mym £ 

If [yi,a;i] + [a;i,yi] — 0, then using the Leibniz superidentity we have 

[2^1, [ym,yi]] = [[a;i,ym],yi] + [[xi,yi\,ym] = -[y2,ym] = /3m, 22^3 + ^{*)xi- 

On the other hand 

n 

[Xl, [ym,yi]] = '^PmA^'i-^^i] = 0- 
1=2 

Hence, /3m, 2 = which is a contradiction. 

Thus, [yi,xi] + [xi,yi] ^ 0. Continuing the same argumentation as in the proof 
of Theorem 13.21 we obtain y„j £ TZ{£). Therefore 

m — 1 n—ra+i+1 

[yi,ym] = ^(-i)*c;„-i ^ /3i+j,txt+™_,_i = o. 

1=0 t=2 

The minimal value of the expression t + m — i — 1 is reached when i — m ~ 1 
and t = 2. Thus, [yi,ym] = i-l)"'^^C^ZlPm,2X2 + 'Ei*)xi which implies that 

/3m. 2 = 0. That is a contradiction with the assumption that nilindex of C is equal 
to n + m. □ 

4. Leibniz superalgebras with the characteristic sequence 
(n|mi, m2, . . . , nik) AND NILINDEX n + m 

Leibniz superalgebras with the characteristic sequence equal to (n|m — 1, 1) and 
with the nilindex n -\- m were examined in [B]. Therefore, in this section we shall 
consider the Leibniz superalgebras C of nilindex n + m with the characteristic 
sequence equal to (n|mi, 7712, . . . , m^) with conditions mi < to — 2. 
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From the definition of characteristic sequence there exits a basis {xi, X2, ■ 
2/2, ■ • ■ 2/m} in which the operator R^^^^^ has the foUowing form: 



■a:„,2/i, 










• " \ 









• 










I 








where (mj^ , , . 



) is a permutation of {mi, 7712, ■ ■ ■ Truk). Without loss of 



generahty, by a shifting of the basic elements we can assume that operator i?^,^ 
has the following form 





^ Jrtii 





■ ' \ 









■ 




I 








■Xn,yi:y2, ■ 



l/m} satisfies the following condi- 



It means that the basis {xi,X2, 
tions: 

[Xi,xi] = Xi+i, l<i<n-l, 
[yj , Xi] = Vj+i, for j ^ {mi , mi + m2 , . 
[2/j,a;i]=0, for j e {mi, mi + m2, . 

It is clear that two generators can not lie in Lq. In fact, in [2] the table of 
multiplication of the Leibniz algebra Lq is presented and it has only one generator. 



, mi 
, mi 



ni2 
m2 



rrik}, 
rrik}. 



(5) 



Theorem 4.1. Let C be a Leibniz superalgebra of nilindex n + m with characteristic 
sequence (n|mi, m2, . . . , m^), where mi < m — 2. Then both generators can not 
belong to Ci at the same time. 

Proof. Let Leibniz superalgebra £ — CqQCi has nilindex n+m and let {xi, X2t ■ . ■ ,Xn 
be a basis of Cq and {2/1, 2/2, • ■ • , 2/™} a basis of Ci. Suppose that two generators lie 
in £1 . Then they should be from the set 

{2/1, 2/mi + l , 2/mi+m2 + l , ■ ■ ■ , 2/mi+7n2H ' 2/mi+m2H hm/^_i + l } 

Without loss of generality, the generators can be chosen as {2/1, 2/mi+i}- 

Consider the following cases: 
Case 1. Let [2/1,2/1] G ^o\^o- Then consider the Leibniz superalgebra generated by 
the element < 2/1 > ■ Since [2/1 , 2/1] G £0 \ -Cg we can assume [2/1 ,2/1] = xi . Then from 
the products in (5) we deduce {xi,X2, . . . , a;„, 2/2, 2/3, ■ ■ • , 2/mi } C< yi > . It it easy to 
see that 2/mi+i ^< 2/1 > • Indeed, if 2/mi+i e< 2/1 >, then {2/mi+2, • • . ,2/mi+m2} C< 
2/1 > which implies C(£) > (n | mi + m2, ms, . . . , m^). That is a contradiction to 
the condition of characteristic sequence of £, because C(£) = (rt|mi, m2, . . . , m^). 

Thus, the Leibniz superalgebra generated by the basic element yi consist of 

{a::i,a;2, . . . , a;„, 2/1, 2/2, ■ • • ,2/mi}- 

Since the superalgebra < j/i > is single-generated then from Theorem 12.21 we have 
that either mi = rt or mi = n + 1 and the multiplication in < 2/1 > has the following 
form: 

[xi,xi] ^ Xi+i, l<«<n-l, 
[yj,xi] = yj+i, l<j<mi-l, 

[a^j,2/i] = 52/i+i, 1 < « < ™i - 1, 
[yj,yi]^Xj, l<j<n. 



ON COMPLEX NILPOTENT LEIBNIZ SUPERALGEBRAS OF NILINDEX N+M 



9 



Case mi = n. Since yi and yn+i are generators we have 

£ = {xi,X2, ...,Xn,yi,-- . ,t/„,y„+i, . . .,ym}, 

= {Xi,X2, ... ,Xn,y2, ■■■ ,yn,yn+2, ■■■ ,ym}- 

Besides, xi ^ Otherwise, if xi G then there exists z G Ci such that 
z G C^/jC^. Thereby z e lin < [yi,yi],[yi,yn+i],[yn+i,yi],[yn+i,yn+i] > and 
taking into account that [yi,yj] S jCq we obtain z G Co which is a contradiction. 
Thus, 

= {X2, ...,Xn,y2,.. . ,2/„,2/n+2, • ■ • , ym}- 

If C'^'' = {xi,Xi+i, . . .,Xn,yj, . . .,yn,yn+2, • • • , 2/m}, then by a similar way one 
can prove that £2/0+1 ^ {.t^+i, .... .t„ . Vj.,..., y„, y„+2, • • • , ?An}- In fact, if z G 
£2fe^£2fe+i^ then z has to be generated by 2k products of the generators (but they 
are from £1). Hence this products belong to £0, and we have ^; G £0- 

Applying the similar argumentation we get 

£2fe+2 ^ {xi+1, . . .,Xn,yj + l, ■ ■ ■,yn,yn+2, ■ ■ ■ , J/m}- 

Continuing with the process, we obtain that £2n+i _ {yii,yi2, . . . ,yik} and 
£2"+2 = 0. Since rfim(£2"+V£2"+2) = l then £^"+1 = {yn+2} and nilindex should 
be equal to 2n + 2. Thus, m = n + 2 and we have 

£ = {xi,X2, ...,Xn,yi,.. . ,y„,y„+i,y„+2}, 

£^'' = {xk, . . .,Xn,yk+i, . . .,yn,yn+2}, 1 < fc < n - 1, 

£2fe+l ^ {xk+l, ■ ■ . ,X„,yk+l, . ■ . ,yn,yn+2}, 1 < fc < n - 1, 

£'" = {a;„,2/„+2}, £^"+1 = W}, £^"+^ = {0}. 
Furthermore, £2" = [£2"-\£] =< [a;„,yi], [a;„,y„+i], [y„,yi], [y„,2/„+i], [2/„+2,yi], 
[t/„_l_2, y„+i] > . Note that the element ?/„+2 can be obtained only from product 
[Xn, Vn+i] (because [xn,yi] — 0, otherwise we get a contradiction with the property 
of characteristic sequence). However, 

[xn,yn+i] = [[xn-i,xi],yn+i] = [a^n-i , [a^i , y„+i]] + [[a;„_i , y„+i] , sJi] = 0, 
which deduce £^" = {a;„}, that is a contradiction with the condition of nilindex. 

Case nil = n+1. In this case, similar to the previous case, we get a contradic- 
tion. 

Case 2. Let [fji,yi] ^ £0 \ £0 and [jAm+i, J/mi+i] G £0 \ £o- Then applying the 
same arguments for ymi+i as for yi in Case 1, we obtain a contradiction with the 
fact that both generators lie in £1 , as well. 

Case 3. Let [2/1,2/1] ^ £0 \£o and [j/rm+i, 2/mi+i] ^ £0 \£o- Then, without loss of 
generality, we can assume that 

[yi,ymi+i] = xi, 

n 

[ymi+i,yi] = E biXi. 

If 61 = 1, then making the change of basis y'l = yi+ 2/mi+i we obtain [yj, t/i] G 
£0 \ £g. Therefore this case can be reduced to Case 1. 

If 61 ^ 1, then [yi,ymi+i] - [ymi+i,yi] = (1 - ^i)a;i + b2X2 H h bnXn G TZ{£) 

and since a;, G 'R-{jC) (2 < i < n) we get xi G TZ{jC). From the Leibniz superidentity 
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we obtain C'^ — {0} and therefore n — 1, m = 2. Obviously, we get a Leibniz 
algebra, i.e. the Leibniz superalgebra with condition to = 0. □ 

In other words, Theorem 14.11 claims that one generator lies in Cq and another 
one belongs to Ci. Evidently, Xi is a generator and as a generator in Ci we can 
chose yi. 

Put 

m 

t=2 
n 

s=2 

The following equality can be proved by induction 

mm{i+j — l,mi } — i n—j+s+l 

[y^,yJ]= E i-^rCU E f3^+s.tXt+,-s-l (6) 

s=0 t=2 

where 1 < j,j < toi. 

Theorem 4.2. Let C be a Leibniz superalgebra with characteristic sequence equal 
to (n|TOi, TO2, . . . , TOfc), where mi < to — 2. T/ien nilindex of C is less than n + m. 

Proof. Let us suppose the contrary, i.e. the nilindex of C is equal to n + m. Then 
dimC^ — n+m—k, 2 < k < n+m. In the adapted basis {xi,X2, ■ ■ ■ ,Xn,yi,y2, ■ ■ ■ ,ym} 
we have the products 

[xi,xi] ^ Xi+i, l<i<n-l, 

[yjjXi] = j/j+i, j ^ {mi,TOi + TO2, . . . ,mi + m2 H h rrik}, 

[yj,yi] = l3j,2X2 H 1- Pj,nXn, i < j <m, 

[xi,yi] = ai^2y2 -\ I-q;j,™?;„, l<i<n. 

Suppose that X2 £ C^, i.e. — {x2, . . . ,x„,?/3, . . . ,ym}. Then the element X2 
is generated from the products [yj,yi], i.e. there exists jo (2 < Jq < m) such that 

n 

in [yjo,yi] = J2 f^joA^i the parameter Pj^^2 0. 

2=2 

n 

Taking the change of basis x'l = -j-^ — ( ^ /J^g ,jXs_i) we can assume that [yjg, yi] = 

s=2 

X2. 

The equalities 



and 



n 

bio [yi.yi]] = bo>E^i.*^'] = 



1=2 

imply [x2,yi] = 0. 

Since £^ = n + to - 3 we have jC^ = {x2, X3, . . . , Xn, ys, ■ ■ ■ , 2/mi, ^142/2 + 

Al.2ymi + 1 + - ■ ■+^l,fcymi+m2H hrrifc-i + li ?/mi+2, • ■ ■ , ymi+m27 ^2,lJ^2 +^2,22/™,! + ! + 

• ■ • + A2,fcymi+m2H |-mfe_i+l, ■ ■ ■ , ym ^fe-l,l2/2+^fc-l,22/3H 1- 

^A: — l,fcymi+m2H \-mk-i + l: ■ ■ ■ i 

If there exists i such that [a;j,yi] = C2(Aj^iy2+^i,22/mi+iH hAi^fcy„i+...+„^_j+i)+ 

^ {*)ys with C2 7^ 0, then applying the Leibniz superidentity for the elements 

s>3 

{xi, xi, yi} inductively, we obtain Ai^i — for alH (1 < i < fc — 1). 
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Thus, 

1^^ = {X2,X3, ...,Xn,y3,-- • ,ym-l,2/m}- 

n 

Consider the product [a;i,yi] = J2 '^isUi- 

Case 1. Let ai,2 7^ 0. Let us suppose that there exists s from 3 < s < rni such 
that 

^ — {^2) • • • ) ^n? Vs-) • ' • 1 ym\-) 
C ~^ = {^3? • • • 7 X',i^ • • • ; ym\' 

Note that (3s~i,2 7^ 0, because X2 G The equaUty [x2,yi] = imphes that 

the element ys must be generated by the products [xi,yi] for 3 < i < n. Therefore, 

^ {*^4 7 ■ • • ) -^m ysT ■ • ■ 1 yrn—1: yrn} • 

The parameters /3s^2, /3s, 3 = are equal to zero because of y^ G C^^. Thus, we 
have 

n n 

[ys-i,yi] = '^Ps-i,iXi and [ys,yi] = ^/3s,ia;i. 

i=2 i=i 

From the equality (6) we get 

[y2,ys-i\ = {-iy~^l3s-i,2X3 + ^{*)xt. 

t>4 

The following chain of the equalities 

= [xi, [yi,j/s-i]] = [[xi,yi\,ys-i] + [[xi,ys-i\,yi\ = 

n n 

[^ai,iyi,ys-i] + [^7i,j2/j,2/i] = "1,2/38-1,2X3 + ^(*)a;t 

1=2 i=s t>i 

implies ai,2/3s-i,2 = 0, that is a contradiction with the assumption s < mi. 
Thus, we have s> m\. Then 

C' ^ \j^2i • • • ) ^n? ^/mi ) • • • ) ym\i 
C^^^^ = {X2, . . . ,x„,y„, + i, . . . 
Since = then using the cquahty (6) wc conclude that 

^ — {^3) ■ • ■ : Xm l/mi + li ■ ■ ■ , ym} • 

n 

Therefore, s = mi + 1 and [ymi,yi] = J2 0mi,2X2 with Prni,2 0. From (6) 

i-2 

we get [2/2,2/mi] = /3mi,2a;3 + ajj and using the Leibniz superidentity we obtain 

i>4 

/3mi,2 = 0, but it is a contradiction. Hence this case is not possible. 

Ccise 2. Let ai,2 = 0. Then we have that 
[xi,yi] = Q;i,3y3 H hai^mj/m, 

[yiv^i] = ?y2, 

[yi, .Ti] + [.xi, = y2 + ai,3?y3 H 1- Q!i,„?y„ e TZ{C). 

By the similar arguments as in the previous case, we obtain yi G Ti-iC) (2 < i < 
m). Applying the Leibniz superidentity for the elements {?/j_i, a;i, yi} we have 
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n+l-j 

[yj,yi]= X! 2 < i < TOi 

i=2 

which imlpies Pi ^2 = for all 2 < i < mi. 

Since j/miH (2 < s < fc) is generated from the products [a;t,yi] (1 < 

t < n), then from the equality 

[[xt,yi],yi] = ^[xt, [yi,yi]] = \xt.^[*)xi\ ^ 

and applying the Leibniz superidentity for the elements {yj_i, xi, j/i} we get Pi^2 = 
for 2 < i < m, but it is a contradiction to the assumption X2 G 
Thus, we have X2 ^ C? , i.e. 

C? = {2:3,2:^4, • • ■,Xn,y2,y3, ■ ■ ■ ,2/m}- 

Since {1/2, J/rm , 2/mi+m2, ■ • ■ ,ymi+m2+---+mfc} £ -C^, thcn there exist ii,Z2, . . . ,ifc > 2, 
such that 

aii,2 «n,mi+l 

0^22,2 ^22,^^1+1 

^ik.2 Q^i/^,,mi+l Q^Zfc,mi+m2 + l ' ' * ,nii-]-m2-\ h^Ti/^,_i + l 

Without loss of generality we can assume that 7^ 0. Consider 

rn 

[xii , yi] + [yl,x^,] = ^ a^,^tyt e TZ{L). 

t=2 

Then multiplying sufficiently times from the right side to the element 0:1 and taking 
into account the condition (7) we obtain yi G 7?.(£) {2 < i < rn). 
Furthermore, proceeding with the bracket computing 

[2^2, yi] = [[Xi, J/i], Xi] = ai,22/3 H h ai^rri-iyni, 

[X3, yi] = [[X2,yi],xi] = ai,22/4 H h Cki,m-22/m, 

[Xn,yi] = [[Xn-l,yi]:Xi] = Q!i,2j/n+l H 1" ai,n-m+iym- 

we obtain that y2 ^ ■ 

Thus, we get the contradictions in all considered cases, which leads that the 
superalgebra £ with characteristic sequence C(£) = (n|mi, TO2, . . . , mk) and mi < 
m — 2 has a nilindex less than n + m. □ 

Combining the assertion of Theorem 13.21 and the classifications of the papers 
[B] , [S] we complete the classification of Leibniz superalgebras with even part zero- 
filiform Leibniz algebra and with nilindex equal to n + m. 
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